We investigate Néron models of Jacobians of singular curves over strictly Henselian discretely valued fields, and their behaviour under tame base change. For a semiabelian variety, this behaviour is governed by a finite sequence of (a priori) real numbers between 0 and 1, called jumps. The jumps are conjectured to be rational, which is known in some cases. The purpose of this paper is to prove this conjecture in the case where the semiabelian variety is the Jacobian of a geometrically integral curve with a push-out singularity. Along the way, we prove the conjecture for algebraic tori which are induced along finite separable extensions, and generalize Raynaud's description of the identity component of the Néron model of the Jacobian of a smooth curve (in terms of the Picard functor of a proper, flat, and regular model) to our situation. The main technical result of this paper is that the exact sequence which decomposes the Jacobian of one of our singular curves into its toric and Abelian parts extends to an exact sequence of Néron models. Previously, only split semiabelian varieties were known to have this property.
Introduction
Let K be a strictly Henselian discrete valuation field with ring of integers O K . Assume that O K is complete with respect to the m-adic topology, where m ⊆ O K denotes the maximal ideal. Denote its residue field by k, which we assume to be of characteristic p > 0. Let B be a semiabelian variety over K with a Chevalley decomposition
That is, T is an algebraic torus and A an Abelian variety over K. Denote the Néron (lft-)models of T , B, and A by T , B, and A , respectively. If L is a finite extension of K, and B L denotes the Néron (lft-)model of B × K Spec L, we obtain a canonical morphism
In general, this morphism is not an isomorphism, and the cokernel of the induced map
contains important information about B. (For an introduction to the theory of Lie algebras of group schemes, see [19] , Chapter 1). One approach to studying the behaviour of the Néron model of B under tame base change is to consider all tame extensions K(d) of K for positive integers d prime to p. For each such d, we have exist, and are independent of the tower of extensions chosen. The numbers j 1 , ..., j g are referred to as the jumps of B, because of a close link between those numbers and a filtration on the special fibre of B defined by Edixhoven [9] . For the purposes of this paper, the description above may serve as a definition. Note that, a priori, the jumps of B are real numbers. If the semiabelian variety B is tamely ramified (that is, if B acquires semistable reduction after a finite tame extension K ′ of K), then the jumps are rational numbers, we have [K ′ : K]j i ∈ Z for all i, and the integer [K ′ : K] is minimal with this property, provided that K ′ is minimal. On the other hand, if B acquires semistable reduction only after a wild extension L of K, much less is known. However, if B is the Jacobian of a smooth proper curve C over K of index one, the jumps still turn out to be rational (see [13] , Corollary 6.3.1.5). We will begin, in the second chapter, by proving that the jumps of algebraic tori which are induced along a finite separable extension L/K are rational, and we will study other motivic invariants associated to such algebraic tori (see Corollary 2.6 and Theorem 2.11). Note that we make no further assumptions about the finite extension L/K; in particular, we do not assume that this extension is tame. These results are complementary to those in [21] , where the tameness assumption is crucial. Our calculations allow us to answer a question of Halle and Nicaise about the denominators of the jumps of algebraic tori asked in the last chapter of [13] ; see the remark after the proof of Corollary 2.6. We then go on to consider semiabelian varieties over K of the form Pic 0 C/K for a proper, geometrically integral curve C over K which has a push-out singularity (see Chapter 5) . Such curves are interesting for a number of reasons: Firstly, they form a wide class of singular curves with the property that the toric parts of their Jacobians can be explicitly calculated by hand. Secondly, we shall prove that every curve in this class admits a well-behaved proper model over O K whose construction, beginning from a regular projective model of the curve's normalization, involves only simple operations (blow-ups in regular centres and push-outs).
Hence we obtain a wide class of proper non-regular schemes over O K whose Picard functor can nevertheless be explicitly studied. The main technical result we shall prove is that if B is the Jacobian of a geometrically integral curve with a push-out singularity over K, then the sequence 0 → T → B → A → 0 of Néron models is exact (Theorem 6.6). Our method generalizes the approach to Néron models of Jacobians via Picard functors from [4] , but requires new ideas to deal with the fact that the models we shall construct are not normal. In order to study the Picard functor of a model of a curve with a push-out singularity, we prove general results about the behavior of push-outs of schemes under base change. Our method may be seen as a partial generalization of the classical description of the Jacobian of a singular curve (in terms of the Jacobian of its normalization and the nature of its singularities) to a relative setting. This provides a new general family of semiabelian varieties whose Chevalley decomposition extends to an exact sequence of Néron models; the only other known class with this property is that of semiabelian varieties with split toric part (compare [8] , Lemma 11.2) . Hence these decomposition results might already be of interest in their own right. Our method of studying the exactness of sequences of Néron models is new, and was therefore not exploited in [13] . We will see that the toric parts of semiabelian varieties of the form Pic 0 C/K (with C as before) are closely related to induced algebraic tori, and the technical result mentioned above will allow us to use known results about the Jumps (and other motivic invariants) of Jacobians of smooth curves to deduce new theorems in the case of semiabelian Jacobians. Again, there are no tameness assumptions. In the last chapter, we will study motivic Zeta functions associated to Jacobians of curves with push-out singularities. We will show that the motivic zeta function Z B (z) associated to a semiabelian Jacobian is rational, and that the unique pole of Z B (L −s ) only depends on the Abelian part of B (Theorem 7.8).
One expects this to be true in general, and our results seem to provide the first class of semiabelian varieties (which are neither tori nor Abelian varieties) beyond the tamely ramified case for which this is known to be true (see the remark at the end of this paper). Throughout the manuscript, we will use the following notation:
K:
A strictly Henselian complete discrete valuation field O F : The ring of integers of a finite extension F of K k:
The residue field of K p:
The characteristic of k
A finite separable extension of
The torus (
A proper, geometrically integral curve over K with precisely one push-out singularity
Jumps and motivic invariants of certain algebraic tori
In this section, we will consider the questions already alluded to in the introduction for algebraic tori of the form Res L/K G m , and T := (Res L/K G m )/ G m , where L/K is a finite separable extension. These tori are of particular interest to us because toric parts of semiabelian Jacobians are very closely related to such tori, as we shall see later. We will, however, introduce some concepts in this chapter in slightly greater generality for later use. Throughout this paper, when referring to Néron lft-modles we mean models which satisfy the Néron mapping property but which are only required to be locally of finite type, rather than of finite type, as is the case with classical Néron models. See [4] , Chapter 10, for more details.
Definition 2.1. Let B be a semibelian variety over K. For each positive integer d prime to p, denote by
We can find nonnegative integers j d,1 ≤ ... ≤ j d,g , where g := dim B, such that
.. of finite tame extensions of K which is cofinal in the set of all finite tame extensions of K. For each i = 1, ..., g, let
This limit exists by [13] , (6.1.3.7). The numbers j 1 ≤ ... ≤ j g are called the jumps of B.
(iii) For each d prime to p, define
The resulting function is called the order function of B.
(iv) Define the tame base change conductor c tame (B) of B to be
In order to state the next definition, recall the Grothendieck ring of varieties over k, denoted by K 0 (Var k ). For a (reduced) algebraic variety X over k, denote by [X] the class of X in K 0 (Var k ). For more details about this ring, see [20] , p. 269, or [22] . As usual, put 
One of the objectives of this paper is to prove that the motivic Zeta function of a semiabelian Jacobian is a rational function. We follow the strategy already set out in [14] . For this it is necessary to understand the behaviour of the order function, and of the classes
We shall do this in this chapter for algebraic tori which are induced along a finite separable extension. In particular, it will follow that the jumps of induced algebraic tori are rational numbers. Similar results are only known in the tamely ramified case, and beyond the cases of tamely ramified or induced tori the question of rationality of jumps or motivic Zeta functions remains wide open. 
Jumps and Galois actions
Since the maximal ideal
this action is k-linear).
In what follows, we will prove two lemmata which allow us to use this Galois action to deduce new information about the jumps of B. Let us begin with the following well-known Lemma 2.3. Keep the notation from the beginning of this subsection, and let
and there is an isomorphism
Proof. This follows from [14] , Corollary 4.8 and Theorem 4.10. See also [13] , 6.1.3.4.
We shall also need Proposition 2.4. Let 0 → T → B → A → 0 be an exact sequence of semiabelian varieties over K. Suppose that, for some d prime to p, the sequence of Néron lft-models
is exact. Let I d B be the multiset of d-jumps of B, and similarly for T and A. Then we have
as multisets.
Proof. First note that the sequence
This follows immediately from the universal property of the Néron lftmodel. Consider the sequence
which is exact by [19] , Proposition 1.1(a),(c). By our previous observation, each morphism in this sequence respects the right
, this sequence is split exact, which implies that the sequence 
This implies the claim.
Jumps of induced tori
Let L/K be a finite separable extension.
This follows from the construction of the Néron lft-model of G m in [4] , Chapter 10.1, Example 5, and the fact that Néron lft-models and Lie algebras commute with Weil restriction. In general, L ⊗ K K(d) will only be a finite étale algebra over 
. This is possible because the extension L/K is totally ramified.
where π d denotes some uniformizing element of K(d). In particular, we obtain an isomorphism
Under this isomorphism, the sequence
Corollary 2.6. Let L/K be a finite separable extension. Then the jumps of the torus
In particular, we have
Proof. Let δ ∈ N be such that K(δ) ⊆ L and such that the extension L/K(δ) is purely wild. First note that, in order to calculate the jumps, we may also consider a tower of finite tame extensions
.. which has the property that all d n are prime to δ, and such that the tower is cofinal in the set of all finite tame extensions of K whose degree is prime to δ. This follows from the description of the jumps in terms of Edixhoven's filtration (see [13] , Chapter 6, or Proposition 2.8 below) and the fact that
Hence the previous lemma implies the result.
Remark. The corollary above shows that the lowest common multiple of the denominators of the jumps of a torus T need not, in general, coincide with the degree
where F is the splitting field of T . Indeed, suppose that T = Res L/K G m for some finite separable extension L/K which is not Galois. Then the lowest common multiple of the denominators of the jumps is given by [L : K], whereas the splitting degree of T is strictly greater than [L : K]. This answers the second part of Question 10.1.2 of [13] negatively.
An example of non-invariance under isogeny
Let L/K be a Galois extension with Galois group isomorphic to Z /2 Z × Z /2 Z. For example, one could choose an algebraic closure F 2 of F 2 and let K be the field of fractions of W (F 2 ), where W (−) stands for the ring of Witt vectors. If ζ 8 denotes a primitive 8th root of unity in K, the Galois group of
For each element α of this group, denote by L α the subfield of L fixed by α. We will now show that there is an isogeny
(If F/K is a finite separable extension, Res 1 F/K G m denotes the norm one torus associated to this extension, which is defined to be the kernel of the norm map
is isomorphic to Z as a Z-module, and the unique generator of Gal(F/K) acts as multiplication by −1.) To see this, note that there is a canonical isomorphism
Now denote by V σ the Z[Gal(L/K)]-module which is free of rank one and on which σ acts as multiplication by −1, and τ as the identity. Define V τ analogously, and let V στ be the Z[Gal(L/K)]-module which is free of rank one and on which both σ and τ act as multiplication by −1.
given by
A direct calculation shows that this morphism has determinant equal to 16, so it becomes an isomorphism after tensoring with Q. Therefore, the map of Z[Gal(L/K)]-modules we defined does indeed give rise to an isogeny as above. It follows that the jumps of algebraic tori are not invariant under isogeny: The jumps of the torus on the left are 0, 1/4, 1/2, 3/4, whereas the jumps of the torus on the right are 0, 1/2, 1/2, 1/2. This is in contrast with the situation in the tamely ramified case, where the jumps are invariant under isogeny.
The order function of induced algebraic tori
In this section, we will consider the order functions associated to induced algebraic tori. Let L/K be a finite separable extension of degree n, let R denote the Néron model of the torus Res L/K G m , and for each d prime to p, denote by
In order to study the order function of induced algebraic tori in this generality, it seems necessary to use the fact that the jumps of a semiabelian variety as defined in the introduction coincide with the jumps of a filtration on the special fibre of R defined by Edixhoven [9] . For a more comprehensive treatment of this filtration, see [9] or [14] , Chapter 4. We shall need the following results, which we state only in the case of induced tori, but which are valid in much greater generality:
, where the index a lies in {0, ..., d}, with the following property:
There is a decreasing filtrationF α R k on R k , where the index α lies in Z p ∩[0, 1[, such that for any d prime to p and i = 0, ..., d − 1, we havẽ
It has the following property: For a real number 0 ≤ j < 1, definẽ
If the jumps of Res
Proof. See [14] , Chapter 4, for both preceding propositions.
Corollary 2.9. Let L/K be a finite separable extension and let d be prime to p.
Proof. (Compare [14] , Proposition 7.5) Let d be prime to p, and let i ∈ {0, ..., d − 1}. By definition, the multiplicity of i as a d-jump is given by
Hence, the multiplicity of i as a d-jump is given by the sum of the multiplicities of the
Hence, all one has to check is that for i = 0, ..., d − 1,
That, however, is straightforward.
be a finite separable extension. Let α ∈ N be prime to p and let q be a nonnegative integer such that α + q[L : K] is prime to p. Then we have
Proof. By our previous results, we have
.
This implies the Proposition.
As a first result, let us record Theorem 2.11. Let L/K be a finite, separable, and purely wild extension. Then the motivic Zeta function Z Res L/K Gm (z) is a rational function. More precisely, it is contained in the subring
The function
Using the previous Lemma, we can take the proof of [13] , Theorem 8.3.1.2 mutatis mutandis , provided we can prove
Example. Suppose char k = 2, and let L/K be a quadratic extension of K. In this case, we can calculate Z Res L/K Gm (z) explicitly. We have
For the second equation we have used that the special fibre of
2 for all d prime to 2 by Lemma 2.5.
The Néron model of the torus T
In this section, we will explicitly construct the Néron model of the torus
where L/K is a finite separable extension. Those tori are of particular interest to us because they arise as toric parts of semiabelian Jacobians. Choose a uniformizer π L of L, and a unit c ∈ O
Furthermore, let U α ⊆ X α be the generic fibre. Define gluing data as follows: Consider the isomorphism
defined by multiplication by the element π L . Also define the isomorphism
defined by multiplication by the element c. Compatibility of these isomorphisms is clear, so we do indeed obtain gluing data. Define the group scheme T to be the resulting scheme together with the evident group structure. This is indeed a Néron model of T : First observe that T is of finite type over O K , and that it is a model of T. Hence we can apply [4] , Chapter 7.1, Theorem 1, and all we have to show is that the canonical map
is bijective. However, this claim follows directly from the construction. From this, we may deduce the following result about the structure of T :
Corollary 3.1. Let L/K be a finite separable extension and let T be the Néron model of the torus T associated to L as above. Let T 0 be the identity component of T . Then we
is an isomorphism, and (ii) there is an exact sequence
Proof. The first statement follows directly from the construction of T preceding this Corollary. For the second statement, consider the commutative diagram
The cokernels of the first two vertical arrows are T 0 (O K ) and T (O K ), respectively. It follows from Hensel's lemma ( [15] , Lemma 1.5) that the morphism
k is surjective, and one sees easily that its kernel is precisely T 0 (O K ). Now one can use the snake lemma to deduce the claim.
Preliminaries about push-outs and cohomological flatness in dimension zero
In the following sections, we will need the notion of push-out of schemes. We will always use the categorical definition of push-outs; see [16] , p. 46, where the terminology fiber coproduct is used. It is well-known that such push-outs do not always exist: For example, it is impossible to contract a line to a point on P 2 k for any field k. However, Schwede [24] has shown that push-outs do exist in certain circumstances (see also [10] ). Throughout this section, we work over an affine base scheme S = Spec R, where we assume R to be Noetherian. First of all, we have Lemma 4.1. (Schwede) Let X be an affine scheme and let Y be a closed subscheme of X. Suppose that there is a morphism Y → Z to some affine scheme Z. Then the push-out X ∪ Y Z (taken in the category of ringed spaces) is an affine scheme. If A and B are rings such that X = Spec A, Z = Spec B and I ⊆ A is the ideal defining Y , then
Furthermore, the morphisms X → X ∪ Y Z and Z → X ∪ Y Z are morphisms of schemes, and they turn X ∪ Y Z into a push-out in the category of schemes. The induced morphism X\Y → (X ∪ Y Z)\Z is an isomorphism of schemes.
Proof. See [24] , Theorems 3.4 and 3.5.
If the schemes X and Z are S-schemes, then the push-out X ∪ Y Z comes with a natural S-scheme structure, and X ∪ Y Z is the push-out in the category of S-schemes. Even if push-outs exist, they can by quite pathological: For example, one can contract a line on A 2 k to a point over any field k, but the resulting scheme is not of finite type over k (see [24] , Example 3.7). We will now show that, on the other hand, if one restricts to contracting closed subschemes which are finite over the base, the result will still be of finite type: Proposition 4.2. Let X be a scheme of finite type over S. Let Y be a closed subscheme of X which is contained in an open affine subscheme of X, and assume further that Y is finite and faithfully flat over S. Then the push-out X ∪ Y S, taken in the category of ringed spaces, exists and is a scheme of finite type over S. Furthermore, the maps X → X ∪ Y S and S → X ∪ Y S turn X ∪ Y S into a push-out in the category of schemes. If X is proper over S then so is X ∪ Y S.
Proof. Let us first prove the first two statements. To see that the push-out exists, we may cover X with open affine subschemes, with one containing Y , and the other ones intersecting Y trivially. Then we may consider the push-out of our affine neighbourhood of Y along the morphism Y → S. Since the other affine open subschemes remain unaffected, we can glue them together to obtain the desired push-out, using the previous Theorem. To prove that the resulting scheme is of finite type over S, one immediately reduces to the case where X = Spec A for some R = Γ(S, O S )-algebra A of finite type. Let I ⊆ A denote the ideal defining Y . Let us show that A is finitely generated as a module over A × A/I R. Let f ∈ A and pick elements α 1 , ..., α m of A such that their images generate A/I as an R-module. Then there exist elements r 1 , ..., r m ∈ R such that f − i r i α i ∈ I. But both R and I clearly lie in the image of the canonical map A × A/I R → A. Therefore, the set {1, α 1 , ..., α m } generates A as a module over A × A/I R. Note also that the map A × A/I R → A is injective since the morphism R → A/I is faithfully flat, and hence injective, by assumption. Since R is Noetherian by assumption, we may apply the Lemma of Artin and Tate ( [1] , Proposition 7.8) to deduce that A × A/I R is finitely generated as an algebra over R. Hence the first two statements follow. Now suppose that X is proper over S. Since the morphism X → X ∪ Y S is surjective (this follows because the morphism X → X ∪ Y S is scheme-theoretically dominant and finite), and since surjectivity is stable under base change, it follows that the morphism X ∪ Y S → S is universally closed. We already know from the first part that X ∪ Y S is of finite type over S, so all that remains to be shown is that X ∪ Y S is separated over S. To show separatedness, we use the valuative criterion. Let R be a discrete valuation ring over S with field of fractions F. Suppose we have two S-morphisms ϕ i : Spec R → X ∪ Y S (i = 1, 2) which restrict to the same morphism Spec F → X ∪ Y S. Suppose first that this morphism factors through the closed immersion S → X ∪ Y S. Then so do the ϕ i , so we immediately obtain ϕ 1 = ϕ 2 . On the other hand, if Spec F → X ∪ Y S does not factor through S → X ∪ Y S, then there is a unique morphism ϕ : Spec F → X lifting this morphism. However, since X → X ∪ Y S is finite, it is in particular proper, so we can lift the morphisms ϕ i to morphisms φ i : Spec R → X extending ϕ. Since X is proper over S, it is also separated over S, which implies that the two lifts φ i coincide. Hence ϕ 1 = ϕ 2 . Lemma 4.3. Now let S = Spec R, and suppose that A is an R-algebra. Suppose the ideal I ⊆ A is such that A/I and (A/I)/R are both finitely generated flat R-modules and such that the map R → A/I is injective. Then forming A × A/I R commutes with arbitrary base change. That is, for any R-algebra D, the canonical morphism
Proof. Put A ′ := A × A/I R and consider the exact sequence
of R-modules. Let D be an arbitrary R-algebra. Using our assumption on (A/I)/R, we obtain an exact sequence
We also have an exact sequence
Using the flatness assumptions from the lemma repeatedly, we obtain isomorphisms
This implies that
Remark. The requirement that both A/I and (A/I)/R be flat over R in Lemma 4.3 is essential for the validity of the statement. Consider, for example, the case
, and the closed subscheme Y :
. Suppose further that Y is given by the ideal I. Then (A/I)/R ∼ = k as O K -modules. We find that the kernel of .) Furthermore, we observe that (A × A/I k) ⊗ O K k is not reduced. To see this, note that we have an isomorphism
The ring A × A/I k is explicitly given by the set of all polynomials i a i t i with the property that i≥1 a i is divisible by π K , and the ring structure inherited from O K [t]. In particular, we see that f := π K t − π K ∈ A × A/I k. However, f ∈ π K · (A × A/I k), which implies that the element of (A × A/I k) ⊗ O K k given by f ⊗ 1 is non-zero. On the other hand, a simple calculation shows that 
is surjective. If D is a flat A ′ -algebra, then this map is an isomorphism. This Lemma remains valid even without assuming that R be Noetherian.
Proof. First note that the sequence of A ′ -modules
Therefore, in order to prove the first claim, all we have to show is that an element x ∈ A ⊗ A ′ D with the property that its image in (A/I) ⊗ A ′ D comes from R ⊗ A ′ D is of the form x = 1 ⊗ δ for some δ ∈ D. Choose x ∈ A ⊗ A ′ D with this property, and denote its image in (A/I) ⊗ A ′ D by x. We find that
for some δ ′ ∈ D. This is because we assume that the image of
Putting things together, we find
For the second statement, note that flatness implies that the map D → A ⊗ A ′ D, and hence the map from the Lemma, is injective. Also observe that, in this proof, we did not use the hypothesis that R be Noetherian.
Proposition 4.5. Let R be a Noetherian commutative ring with unity, and letC be a proper scheme over R. Let Y be a closed subscheme ofC , finite and faithfully flat over R, which is contained in an open affine subschemeŨ 0 = SpecÃ ofC , and given by the ideal I. Assume thatÃ/Ĩ and (Ã/Ĩ)/R are projective R-modules. Then the push-out
exists in the category of schemes over R and is proper over R. Furthermore, let X be an affine R-scheme, and put C X := C × R X, and similarly forC . Also let V → C X be a flat morphism with V affine. PutṼ := V × C XC X . Then the diagram
is co-Cartesian in the category of affine schemes over R.
Proof
is co-Cartesian in the category of affine schemes over R,
and similarly for Spec(Ã/Ĩ)), and theṼ i coverṼ , the result follows.
We shall also frequently employ the notion of cohomological flatness in dimension zero. Recall that a morphism f : X → S is said to be cohomologically flat in dimension zero if for any S-scheme s : S ′ → S, the canonical morphism
is an isomorphism. In the case where S = Spec O K and f : X → S is flat and proper, one has a relatively straightforward (and well-known) criterion for cohomological flatness in dimension zero: 
where π K denotes a uniformizing element of O K . Let ι : X k → X denote the inclusion of the special fibre. Since f is flat, we have an exact sequence
Taking cohomology, we obtain the exact sequence For the next lemma, recall that the index of an algebraic curve C over K is given by the greatest common divisor of the numbers [κ(x) : K], where κ(x) denotes the residue field of the point x of C and x runs through all closed points of C.
Lemma 4.7. LetC be a geometrically integral smooth proper curve over K. LetC → Spec O K be a projective, flat, and regular model ofC. Suppose further thatC has index one (or, equivalently, thatC admits a 0-cycle of degree 1). Then the morphismC → Spec O K is cohomologically flat in dimension zero.
Proof. Denote byC k the special fibre ofC → Spec O K . This may be viewed as a divisor onC , which can be written asC
with δ j ∈ N, where the X j are the reduced irreducible components ofC k . By [18] , Chapter 9.1, Corollary 1.24, all we have to prove is that the greatest common divisor of the δ i is equal to 1. Choose a 0-cycle ν λ ν z ν onC of degree 1. For each ν, let Z ν be the Zariski closure of z ν inC . Then Z ν is a horizontal divisor onC . Now denote by −, − the intersection product of divisors onC . By [18] , Chapter 9.1, Proposition 1.30, we have
for all ν. If we now define the divisor Z to be equal to ν λ ν Z ν , we obtain
which implies the claim.
Remark. From now on, we will always assume that the smooth curveC have index one. This condition is clearly satisfied ifC admits a rational point, but there are smooth, proper, geometrically integral curves over K which have index > 1. For example, suppose that E is an elliptic curve over K with good reduction and that P is a torsor for E over K whose class in H 1 et (Spec K, E) has order p. Such an object exists by [19] , Corollary 6.7, and its proof. From [19] , Theorem 6.6, it follows that the special fibre of the minimal regular model of P over O K is irreducible, but of multiplicity p. Using arguments from intersection theory (as in the proof of the preceding Lemma), we see that the index of P must be divisible by p.
Good models of singular curves
In this section, we shall be concerned with constructing models with desirable properties of proper, geometrically integral curves C over K, which have a push-out singularity. For the sake of simplicity, let us assume that C has precisely one singular point, and that this singularity is K-rational. More precisely, letC be a smooth, proper, geometrically integral curve of index one over K. Suppose that C fits into a co-Cartesian diagram
where L/K is a finite separable extension and the map Spec L →C is a closed immersion. Such push-outs always exist by Proposition 4.2. Curve singularities which arise in this way will be called push-out singularities. If L/K were inseparable, or more generally a non-étale algebra over K, then Pic 0 C/K would have subgroups of type G a , and would therefore not admit a Néron model. This is why we cannot consider push-outs along K-algebras which are not étale (see also the remark at the end of this paper). Recall thatC admits a proper, flat and regular modelC over O K .
Proposition 5.1. LetC be a smooth, proper, geometrically integral curve of index one over K and suppose that C arises fromC as above. Then there exists a proper, flat, and regular modelC ofC, as well as a proper and flat scheme
(ii) the morphism ψ :C → C extends to a finite morphismC → C (which we shall also call ψ by abuse of notation), and which fits into a push-out diagram
is an isomorphism, and (iv) the morphism ψ :C → C is an isomorphism away from the image of Spec O L inC . Furthermore, C is cohomologically flat in dimension zero.
Proof. SinceC is smooth, and since proper curves over fields are projective, the existence of a projective, flat, and regular modelC ofC follows from [18] 
This push-out exists in the category of schemes by Proposition 4.5, using the additional observation that the image of Spec O L →C is contained in an open affine subscheme ofC . Properties (i), (ii), and (iv) from the Proposition now follow immediately from the construction (using Proposition 4.2 and Lemma 4.3), and condition (iii) follows because the morphism Spec O L →C × C Spec O K is a scheme-theoretically dominant closed immersion, and hence an isomorphism. Now consider the exact sequence
where F := (ψ * OC )/ O C . We obtain an exact sequence
using that ψ is finite. Now, if i : Spec O K → C denotes the canonical closed immersion, we have
so the global sections of this sheaf are clearly torsion-free. Because f :C → Spec O K is cohomologically flat in dimension zero (this follows from Lemma 4.7), H 1 (C , OC ) is torsionfree as well (Proposition 4.6). Hence so is H 1 (C , O C ). By Proposition 4.6, the last claim follows, too.
The Picard functor
It is well-known ( [4] , Chapter 9.5) that the Picard functor of a regular, flat, and proper curvẽ C → Spec O K which is cohomologically flat in dimension zero can be used to construct a Néron model of the Jacobian ofC × O K Spec K (the result in loc. cit. is more general; we use cohomological flatness in dimension zero to ensure that the Picard functor is representable by an algebraic space). The aim of this section is to show that this construction can be generalized to the case where the generic fibre of the curve C we consider has a push-out singularity. The main difficulty arises from the fact that the schemes we shall employ are in general very far from being normal. Throughout this chapter, C will denote a proper, geometrically integral curve over K with precisely one push-out singularity as before,C will denote its normalization, and C andC will denote the schemes from Proposition 5.1. Furthermore, we shall always assume thatC has index one. This guarantees that the morphism f :C → Spec O K is cohomologically flat in dimension zero (see Lemma 4.7). Recall that the Picard Functor Pic C / O K of C → Spec O K is defined to be the fppfsheafification of the presheaf defined on O K -schemes X by
If we denote by f X the projection C × O K X → X, then we have
, where the derived functor is taken with respect to the fppf-topology. Moreover, the Leray spectral sequence induces the low-degree exact sequence
and similarly with the fppf-topology replaced by the étale topology. The inclusion functor from the étale into the fppf-site induces a morphism between the exact sequence above and the corresponding exact sequence in the étale topology, and Grothendieck's theorem comparing étale and fppf-cohomology for smooth groups as well as the lemma of five homomorphisms implies that the Picard functor can be defined using the étale instead of the fppf-topology as well. Also observe that we have a morphism of sheaves
(and similarly forC ) coming from the fact that the degree of a line bundle on a flat family is locally constant.
Lemma 6.1. There is an exact sequence of sheaves
on the big étale site of Spec O K , where T 0 denotes the identity component of the Néron model of the torus
Proof. Let X = Spec D be an affine O K -scheme. Put C X := C × O K X and similarly for C . Denote the structure morphisms ofC X and C X byf and f , respectively. The restriction of the functor Pic C / O K to the small étale site of X is given by
, and similarly for C X . Since the morphism ψ :C X → C X is scheme-theoretically dominant, we have an exact sequence of sheaves
on the small étale site of C X , where Q is defined to be the cokernel of the second map.
Our first task will be to determine Q. Denote the closed immersion X → C X by ι and put
We have canonical morphisms
Here, we denote by Res X L /X G m and (Res X L /X G m )/ G m the sheaves on the small étale site of X defined by these group schemes. Note that the second morphism is an epimorphism since ι * − is exact. Also note that the first morphism is an epimorphism as well, as can be checked as follows: Let U → C X be étale with U affine, and letŨ : 
Hence surjectivity follows.
We will now show that the kernel of the composition of the two morphisms (2) is precisely O × C X . Let U → C X be étale with U affine, and letŨ :=C X × C X U. By Proposition 4.5, we know that the diagramŨ
is a push-out diagram. Therefore, the image of any ϕ ∈ ψ * O × C X (U ) under the morphism (2) vanishes if and only if the restriction of ϕ to U × C X X L arises as the pull-back of an invertible function on U × C X X. Because the diagram above is a push-out diagram, this happens if and only if ϕ arises as the pull-back of an invertible function on U . Putting things together, we obtain
Taking cohomology of the exact sequence (1), we obtain an exact sequence
on the small étale site of X. This follows because both
are canonically isomorphic to G m by cohomological flatness in dimension zero, and because we have
since ι * − is exact. Furthermore, we have used Corollary 3.1 (i). It is clear from the construction that these exact sequences can be patched together (using base change morphisms in étale cohomology and the fact that a morphism of sheaves in the étale topology is determined by its restriction to the site of affine schemes with the étale topology) to give rise to the exact sequence from the Lemma.
Now define P C and PC to be the kernel of 
of sheaves on the big étale site of Spec O K .
(ii) The sheaves P C and PC are algebraic spaces locally of finite type over O K . In particular, the sequence above can be viewed as an exact sequence on the fppf-site of Spec O K .
Proof. Part (i) immediately follows from Lemma 6.1 together with the observation that the degree functions Pic C / O K → Z and PicC / O K → Z are compatible (the argument in [4] , Chapter 9.1, pp. 236ff implies that this holds generically, so it must hold globally as the generic fibres of Pic C / O K , PicC / O K are scheme-theoretically dense in both of these group spaces). For part (ii), recall that Pic C / O K and PicC / O K are algebraic spaces locally of finite type over O K , since C andC are cohomologically flat in dimension zero over O K (the former by Proposition 5.1; the latter becauseC has index one; see Lemma 4.7). This follows from Artin's Theorem [3] , Theorem 7.3 (see also [17] , Theorem 4.18.6). Since P C is an open subfunctor of Pic C / O K (and similarly for PC ), the functors P C and PC are algebraic spaces locally of finite type over O K as well.
Remark. In this paper, all algebraic spaces X → S over a scheme S are locally separated and quasi-separated, i.e. we assume that the diagonal morphism X → X × S X is an immersion and quasi-compact.
In order to deduce results about Néron models, one needs to pass to the maximal separated quotients of the functors P C and PC . Let E C and EC denote the scheme-theoretic closures of the unit section in P C and PC , respectively (see [23] , Chapter 3). By [23] , Proposition 3.3.5, E C and EC are group objects in the category of algebraic spaces locally of finite type over O K , and they are étale over O K . We define
and similarly forC . The quotient is taken with respect to the fppf-topology. By [23] , Proposition 3.3.5, both P sep C and P sep C are representable by separated group schemes locally of finite type over O K . We need the following Lemma 6.3. The algebraic spaces EC and E C are schemes which admit an open covering by affine schemes isomorphic to Spec O K , glued together along the generic fibre.
Proof. Choose an étale cover U → E C . Since the generic fibre of E C is trivial, we may assume that U = ∪ i∈I Spec O K for some index set I. This is true since Spec O K is strictly Henselian. Each map Spec O K → U → E C can be seen as a section of the structural morphism E C → Spec O K , and is therefore a monomorphism. Since each such map is also étale, it is an open immersion. This implies the claim. . Then there is an étale (but not necessarily separated) group scheme E of finite type over O K such that there is an exact sequence
In particular, K is of finite type and smooth over O K .
Proof. The first statement is clear since
is surjective. For the second statement, consider the commutative diagram 0 0
It follows from Lemma 6.3 and its proof that the morphism E C → EC is flat. This implies that the kernel of E C → EC is flat over O K . But this kernel is a closed subgroup scheme of T 0 , which is separated. This implies that the kernel is trivial. Now define E to be the cokernel of E C → EC . From the description of EC and E C in the proof of Lemma 6.3 it follows that E is representable by a group scheme which is étale over O K . To show that it is of finite type, it suffices to show that the group Choose regular functions f j on U j and g on V such that L is the line bundle associated to the Cartier divisor defined by those rational functions. Now observe that the map ψ :C → C is a homeomorphism on the underlying topological spaces (it is certainly bijective, and closed since it is finite). Hence we obtain an open covering
The functions f j and g define rational functions on this open cover, since ψ is birational. One checks immediately that we obtain a Cartier divisor on C defined by those rational functions. If M is the line bundle on C that arises from this Cartier divisor, we have ψ * M ∼ = L by construction, but it is not in general true that M is trivial at the generic fibre. Since L is an ideal sheaf which is trivial at the generic fibre, we may assume that the f j and g are invertible regular functions on the restrictions of the U j and V to the generic fibres. Now let n := [L : K]. The pull-back of g along ι : Spec O L →C may be seen as a non-zero element of O L . Therefore, there is a unit c ∈ O × L such that ι * g n = cπ δ K for some δ ∈ N 0 . After shrinking V if necessary, we may assume that c extends to an invertible regular function c on V . Now the Cartier divisor on C defined by the functions f n j on ψ(U j ) and c −1 g n on ψ(V ) defines a line bundle on C , which pulls back to L ⊗n onC . Clearly, this line bundle is trivial on the generic fibre of C . In particular, L ⊗n lies in the image of
Before proving our first main result, we need the following Lemma 6.5. Let F , G and H be commutative group schemes which are separated, flat, and of finite type over O K . Suppose that we have a morphism f : F → G and a closed immersion g : F → H of group schemes. Then the push-out G ⊕ F H , taken in the category of fppf-sheaves of Abelian groups, is representable.
) is a closed immersion. By a result of Anantharaman [2] , Théorème 4C, p.53, the quotient (G × O K H )/F is representable. However, one checks easily that this quotient satisfies the universal property of the push-out. Theorem 6.6. Let C be a proper, geometrically integral curve over K. Assume that C has precisely one singular point, which arises as a push-out as before. Further denote byC the normalization of C and let T , N andÑ denote the Néron models of the semiabelian varieties T , Pic Proof. Let C be the model of C from Proposition 5.1. We have the exact sequence
As before, let T denote the Néron model of the torus T = (Res L/K G m )/ G m , and let K and E be the group schemes from Proposition 6.4. Since E is trivial at the generic fibre, K is a smooth model of T , and K is clearly separated over O K . Therefore, there is a unique morphism K → T extending the identification of the generic fibres. Now consider the exact sequence of fppf-sheaves
Because the group schemes T , K , and P sep C are separated, flat, finite type over O K , the push-out P sep C ⊕ K T is representable by a group scheme of finite type over O K by the previous Lemma. By [4] , Chapter 9.5, Theorem 4, we know that P 
A remark on Chai's conjecture
Suppose that 0 → H → B → A → 0 is an exact sequence with H a torus, B semiabelian, and A Abelian. Let K ′ be an extension of K over which B acquires semiabelian reduction (see [11] , Théorème 3.6 for the Abelian case; in general, one first extends K to ensure that A has semiabelian reduction and then makes a further extension to split H). Denote the Néron models of H, A, B by H , A , B, respectively. Further, put H ′ := H × K Spec K ′ , and denote the Néron model of H ′ over O K ′ by H ′ . Use analogous notation for A and B.
We have a natural morphism
Define the base change conductor of H to be
and similarly for A and B. This number is independent of the choice of K ′ . Chai ([6] , §8.1) conjectured that in this case, we have
c(B) = c(H) + c(A).
This conjecture is known if K has characteristic zero, and in some other special cases. However, the proofs are, at least in the wildly ramified case, rather involved; for example, the proof presented in [7] for the characteristic zero case uses a Fubini property for motivic integrals. Proof. Note that, since B acquires semistable reduction over K ′ , the torus H ′ is split. Hence, the sequence 0 → H ′ → B ′ → A ′ → 0 is exact. (This follows from the argument in [8] , Lemma 11.2. The result is stated there only for exact sequences of tori, but their proof works in the more general case as well.) On the level of Lie algebras, we obtain the commutative diagram
. Now the result follows from the additivity of lengths of modules in exact sequences, and the snake lemma. Proof. This follows from the Proposition preceding the Corollary and Theorem 6.6.
The connected component of the Néron model
Let us now turn to the question of identifying the identity component of the Néron model
for all O K -schemes S, and similarly forC . This makes sense because P C × O K Spec k is a group object in the category of algebraic spaces over the field k, and hence representable by a scheme.
Lemma 6.9. The sequence
be a morphism. Because P C → PC is surjective, we can find an
However, since T 0 k is connected, the morphism S ′ k → (P C ) k must factor through the identity component, which implies that S ′ → P C factors through Pic
is equal to the scheme-theoretic intersection of Pic
k is connected, so this schemetheoretic intersection equals T 0 . This implies the claim. Proof. Consider the commutative diagram of fppf-sheaves
with exact rows, where the E j are defined to be the cokernels of the vertical maps. We already know that E 1 and E 3 are étale group schemes over O K with trivial generic fibre (the case of E 3 follows because the map Pic
and the identity componentÑ 0 ofÑ ; see [4] , Chapter 9.5, Theorem 4(b); the greatest common divisor of the multiplicities of the irreducible components ofC k is equal to 1 by the argument from the proof of Lemma 4.7, and there is no difference between multiplicity and geometric multiplicity since the residue field k is algebraically closed Proof. The first assertion follows immediately from the previous two results. It also follows immediately that 0 → Φ(T ) → Φ(N ) → Φ(Ñ ) → 0 is exact. However, since all component groups are torsion in our case, the Proposition follows.
7 Applications to jumps and motivic Zeta functions
Applications to jumps
Let us now apply our results to the study of jumps and motivic Zeta functions of the semiabelian varieties Pic 0 C/K , where C has precisely one K-rational push-out singularity. If A is the Jacobian of a smooth proper curve of index one over K, then the jumps are rational numbers, and they only depend on the special fibre of a minimal sncd-model of the curve. This was proved in most cases by Halle [12] and generalized in [13] , Chapter 6.3. In what follows, we will generalize this statement to the case of curves with push-out singularities. Consider the following 
respectively. Also let e ∈ N. We say that the sequence is e-universally exact over O K if for all d prime to ep the sequence of Néron models
is exact. We say that the sequence is universally exact over O K if we can take e = 1. 
as sets. Hence we may assume, without loss of generality, that for each 1 ≤ i ≤ dim B there are infinitely many n such that β dn (i) = α dn (l) for some 1 ≤ l ≤ dim A. This implies that
so the inclusion "⊆" of sets follows, and the other inclusion can be deduced completely analogously. Here, we used the fact that the jumps can be calculated by considering only finite tame extensions of K of degree prime to e; the argument is the same as in the proof of Corollary 2.6, or [13] , proof of Theorem 6.3.1.3. It is clear that the multiplicities also coincide, so the result follows.
Theorem 7.3. Let C be a proper, geometrically integral curve over the field K. Assume that C has precisely one singular point, which we assume to be a push-out singularity as before. Also assume that the normalizationC of C has index one. Then the jumps of the semiabelian variety Pic 0 C/K are rational. Moreover, they only depend on the degree of the extension L/K and the special fibre of a minimal sncd-model ofC.
Proof. By Proposition 7.2, [13] , Theorem 6.3.1.3, and [13] , Corollary 6.3.1.5, all we have to show is that the exact sequence
This follows, however, because the base change of the sequence above to Spec K(d) coincides with the sequence
Here we use that Pic and similarly forC) , that the curve C × K Spec K(d) still has a push-out singularity by Lemma 4.3, and that
and Theorem 6.6.
Applications to motivic Zeta functions
Let us finally turn to the study of the motivic Zeta function associated to the semiabelian variety Pic 0 C/K . First, let us recall some definitions and some basic properties; the main reference being [13] , Chapter 8. We also have to define other invariants of a semiabelian variety B over K. The definitions are the same as in [13] . Furthermore, we shall from now on assume that the extension L/K along which the push-out is performed is purely wild (i.e. that [L : K] is a power of p). (see definition 2.1). This is a direct consequence of Proposition 7.2. Furthermore denote by Φ (B(d) ) the group of connected components of B(d) k . Also recall the definition of the stabilization index e(C) of a smooth proper curveC over K: It is defined to be the lowest common multiple of the multiplicities of the principal components of the special fibre of a minimal sncd-model of C (see [13] , Definition 4.2.2.3). Let us now generalize this definition to allow for curves with push-out singularities: Definition 7.5. Let C be a proper, geometrically integral curve over K with precisely one singular point, which we assume to arise as a push-out as before (recall that we assume the finite extension L/K to be purely wild). Denote byC the normalization of C. Define the stabilization index e(C) of C to be Since we already know that #Φ(Ñ (α + qe(C))) tors = ((α + qe(C))/α ′ )
by [13] , Proposition 4.3.1.1, the result follows from Proposition 6.11. Proof. Clearly, the order function is additive in short exact sequences of semiabelian varieties over K which are universally exact over O K , so it suffices to treat the Abelian and toric parts separately. First note that the sequence
is universally exact over O K by [8] , Lemma 11.2. This implies that
From Proposition 2.10, we know that ).
These two observations together imply the result. Proof. Using the lemmata preceding this theorem, the proof of Theorem 8.3.1.2 from [13] can be taken mutatis mutandis.
Remark. The theorem above shows in particular that the order of the pole of Z Pic
only depends on the Abelian part of Pic 0 C/K . This was known previously only in the tamely ramified case ( [13] , Theorem 8.3.1.2) and the case of Jacobians of smooth curves (loc. cit.), which have no toric part. See also [14] , Theorem 8.6 for the case of tamely ramified Abelian varieties. We also observe that e(C) is the smallest positive integer such that e(C)j ∈ Z for all jumps j of Pic 0 C/K . Many of the technical results and results about jumps of semiabelian Jacobians in this paper can be generalized to the case where the finite extension L/K is replaced by a general finite étale algebra A over K, or to the case where we allow the curve C to have more than one push-out singularity. However, this leads to no fundamentally new insights, but most proofs would become rather cumbersome were one to make this generalization. However, the method we used to prove rationality of motivic Zeta functions does not seem to be generalizable in this way: The toric part of the Jacobian of a proper K-curve C which arises as the push-out of a smooth K-curve along the morphism Spec A → Spec K (where A is an étale K-algebra) is not anisotropic as soon as A is not a field. This implies that the group of connected components of the Jacobian of such a curve is in general not torsion. Hence we cannot deduce from the exactness of the sequence of component groups the exactness of the sequence of the torsion parts of those component groups. This problem is related to the index of semiabelian varieties; see [13] , Definition 5.2.1.3. It would be very interesting to know whether the index of a semiabelian Jacobian can be calculated in terms of the models of curves with push-out singularities which we constructed.
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